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QQ ' Abstract 

In an iV-body quantum system with a constant electric field, by inverse scattering, we uniquely 
fT^ , reconstruct pair potentials, belonging to the optimal class of short-range potentials and long- 

' range potentials, from the high-velocity limit of the Dollard scattering operator. We give a 

reconstruction formula with an error term. 



I Introduction 



We study the direct and inverse scattering problems for an iV-body quantum mechanical system in an 
' n > 2 dimensional space under Stark effect, i.e. in a constant electric field, with interactions given by pair 

potentials (multiplication operators). 

When we speak of scattering by a potential V, it is common that V is classified as being short-range 
if the canonical wave operators W±{Hq + V, Hq) exist, where Hq is the unperturbed Hamiltonian. On the 
other hand, if they do not exist, we say that we have a long-range potential; in this case we have to modify 
the free evolution and thus, to define modified wave operators. 

As it is well known, the Coulomb potential Vc{x) = q/\x\ is long-range when Hq = — A. It is also well 
known, that Vc is short-range in the case of the Stark effect, where Hq — —A — E ■ x, and E is a constant 
electric field. More generally, potentials V that decay at infinity as V{x) « 7 < 1 are long-range when 

Hq — — A and on the contrary, when there is a constant electric field, they are short-range ifl/2<7<l 
and long-range if < 7 < 1/2. 
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This feature of the Stark effect is particularly interesting in inverse scattering. For example, because it 
allows to prove that the Coulomb potential is uniquely determined by the scattering matrix, defined from 
canonical wave operators, without having to modify the free dynamics, as first proved in .39i. 

We denote by jtij e IR+, qj e K and e M", j = 1,2, . . . , N , respectively, the masses, the charges and 
the positions of the particles. The free Hamiltonian generates the free time evolution, 



N N 

Ho = ^(2m,)-i p2 + J2 *E • ij, Pj 



(1.1) 



where the electric field E = {—E, 0, . . . , 0), £^ = |E| > is directed along minus the first coordinate direction. 
We study the system in the center of mass frame and we separate off the motion of the center of mass 

HcM = {2My^ (PcAif + QE • XcM, 

N N N 

where M — ^ mj, is the total mass, Xcm = i^/M) J2 ^j^jj is the center of mass, Pcm = Pi' the 
j=i i=i i=i 

N 

momentum of the center of mass, Q = 9jj the total charge. 

The free Hamiltonian in the center of mass frame is Hq '■= Hq — Hcm, 

N N 

Ho - - {2M)-' (Pcm)' + ^(g^ - m,Q/A./)E • i,. 

Hq is essentially self-adjoint in the space of Schwartz. We also denote by Ho the unique self-adjoint 
extension. 

In the center of mass frame the space of states is the Hilbert space, H, represented in configuration space 
by wave functions (p in 



L2(X), X=<^i = (ii, 



N 



(1.2) 



with the measure induced on X by the following norm on 



2N 



N 

J2 



"1 



1/2 



The space 



L\±), X 



(pi, ...,Pn, 



N 



],n{N-l) 



(1.3) 



where X is equipped with the dual metric induced by 



N 



1/2 



, is the set of momentum 



space wave functions (f>. Fourier transform maps unitarily i^(X) onto L^(X). The measures on X and 
X are equivalent to Lebesgue measure. Given an (abstract) state $ G H we use both its configuration or 
momentum space wave functions where appropriate. 

As a general reference for multiparticle scattering see e.g. [5S], where Jacobi coordinates are defined 



— - 



\k=l / 



1,...,N-1. 



(1.4) 
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These coordinates are obtained by first changing variables from (xi,X2) to ^1^x2^ xi and the center 
of mass of particles (1) and (2), R,i2 = (mi + m2)~^(TOiXi + 7712X2)- Then we change from (Ri2,X3) to 
^2 = X3 — R12 and the center of mass of particles (1), (2), and (3), and so on. In the end we obtain the 
Jacobi coordinates ^j, 1 < j < — 1, on X and the center of mass coordinate Xca/- In these coordinates 
Hq is expressed as 



Af-l 



(1.5) 



where 



= ilj+iMj - mj+iQj)/ {nij+i + Mj), M.j = ^ m^, 



(1.6) 



fc=i 



k=l 

Vj and qf < j < N — 1, are, respectively, the reduced mass and the relative charge of the particle (j + 1) 
with respect to the masses and the charges of the first j particles. Formula (|1.5p shows that the proof 
that Hq is essentially self-adjoint in the space of Schwartz reduces to the one in the two-body case. The 
Jacobi coordinates above are based in the pair of particles (1, 2) in the sense that we have taken as the first 
coordinate ^1 = X2 — Xi the relative distance of the particles (1) and (2). Of course, we can base Jacobi 
coordinates in any pair of particles (j. A:), j. A: = 1, 2, N. 

In order to determine the potential for a given pair we number the particles in such a way that the given 
pair consists of particles one and two. By (jl.Sp we write 



Hq 



(27.0 



{q2mi - 7772gl) 
777-1 + "^-2 



(1.7) 



under the decomposition of i^(X) as 



L2(X) - 



JV-l 



J=2 



where 



N-l 

Ho=y,{{'2v 



J=2 



(1.8) 



This shows that if the relative charge of the pair (1, 2), {q2ini — m2qi)/ {mi + 7772), is different from zero 
the relative distance of the pair (1, 2) is accelerated by the electric field as in the two-body case. However, if 
the relative charge is zero both particles are accelerated in the same way by the electric field and the relative 
distance is not accelerated, and then, with respect to the pair (1, 2), the relative scattering is as in the case 
when the external constant electric field is zero. This shows that, for any given pair of particles, the inverse 
scattering problem has to be formulated as in the two-body case with no electric field if the relative charge 
of the pair is zero and, as in the two-body case with an electric field, if the relative charge of the pair is 
different from zero. 

For any given pair of particles we construct as in Enss and Weder |19) appropriate states where all 
particles have high-velocity relative to each other in order to reconstruct the corresponding pair potential. 
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For this purpose we first introduce some kinematical notation. We use a numbering of the particles such 
that the pair of interest consists of particles 1 and 2. As usual we take as one n-dimensional variable the 
relative distance x and momentum p of the chosen pair (1, 2). 

x = ^i:=X2-Xi, p = Pi = -iVx = Aii2[(-«Vi2/m2) - (-iViJ/mi)], (1.9) 

where /xi2 is the reduced mass of the pair (1, 2), /ii2 ~ rrixm^l (jn\ + ra-i). We also use the position Xj and 
the momentum p^ of the jth particle, j — 1, N , relative to the center of mass of the pair (1,2), 

Xj := Xj - (miXi + m2X2)/("ii + rn2), J = 1,...,A^, (1-10) 

Pj = Mi(Pi/™J - (Pl +P2)/(?7T-1 +^2)), j = l,...,A^, (1.11) 

where \ij is the reduced mass of the jth particle with respect to the center of mass of the pair (1,2), 

A^j — +"12)/ ("ij + mi + TO2), J = 1, • ■ • , 

and Pj = — iVij. is the momentum relative to some origin (see (jl.ip ). Note that x is the first Jacobi 
coordinate ^1, p = /ii2(p2/™2 ~ Pi/^i) and Pj//ij are the relative velocities with respect the center of 
mass of the distinguished pair (1, 2). {x, X3, . . . xjv} and {p, pg, . . . p^} are sets of — 1 independent n- 
dimensional variables in the configuration and momentum space, respectively, relative to the center of mass 
frame. 

Let $0 G ^ be an asymptotic configuration with the product wave function of the form in momentum 
space, 

$0 012(p)<^3(P3,---,Pjv), (1-12) 

where 4>V2 G C,^(R") varies while ^3 G C(f^(M"*^^~^') is a fixed normalized function with support in 
{(P3,...,p^) : IPjI < /ij}; i.e., the particles 3 to N have speed smaller than one relative to the pair 
(1,2). We take an 77 > such that 012 G Co°(Sa'i2»?)i where Bf^-^^jj denotes the open ball of center zero and 
radius /ii2?7 in K". 

The high- velocity state is defined as (see Enss and Weder [19]) 

^'v ^ (f>12{P - M12V)(^3(P3 - M3V3, . . . ,Pjv - A^AtVat), (1.13) 

where v = vv, |v| = 1, v^- = v^dj, with 7^ 0, for j — 3, . . . , N and where we assume that dj — dj. 7^ for 
j,k = 3, . . . N. We, moreover, define Vi = — v/xi2/mi, V2 — v/ii2/m2. 
We denote the relative velocities by 

Vjfc=Vfc-Vj, Vjk^Wjkl, j,k^l,...,N. 

Then with dj — |dj|, 

vij = {dj + fii2V / (miv)) ^ a V > fj.i2/{midj), j 
V2,j = w^(dj - ^i2v/(m2w)) 7^ if w > ^i2/(m2dj), j 
v,-fc = v\dk~d,)^0 j,k^3,...,N. 

We denote Vjk ~ '^jk/Wjk\- We assume for all pairs {j,k) with qj^k 7^ that |vjfc • E| < 5 for some 
< (5 < 1. It follows that in our high-velocity states the relative average velocity of the pair (1,2) is v 
while all other particles travel with minimal velocity proportional to relative to each other as well as with 
respect to particles 1 and 2. 

The relative momentum of particles j and k is 

Pjfc = -«V(xfc-i,), (1-15) 



= 3,...,N, (1.14) 
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where in the derivative the positions of all other particles, as well as of the center of mass, are kept fixed. 
The relative velocity of the pair {j, k) is 

Pjfc/Mjfe = Pk/mk - Pj/rrij = p^/fik - Pj/Mj- (1-16) 

It follows from the definition that 0o e ^(M"*^"^)) and that 

JV 

$^ = e^'^i^^-^ Y[ e'^'^''^■''^^o■ (1-17) 

3=3 

Moreover, by (jl.lOp 

\ik-X,\ = |Xfe-Xj| < Ixfel + |x,|, J,fc= I,-- - ,N, |xi| < |X|,|X2| < |x|. 

Hence, we have good initial localization uniformly in v, 

11(1 + life - <C, j,k = l,...,N. (1.18) 

Additionally, by (1.15) there are functions fjk G C^{B^.^,-i.^) such that 

*v = fok{Pjk - f^jkVjk)'^'.., (1.19) 
where i-ijk is the reduced mass of the pair (j, fc), 

fijk = ' ■ (1.20) 
rrij + m,k 

Furthermore, 7712 = = 2(1 + ?7^i2/mi), 772^ = 2(1 + r] (112/ 1712), j = 3,...,N, and 77^^ = 4, for 

j,fc = 3,...,iV. 

Note that by (lIlOl 

x = X2-Xi=i^, Xfe-Xj =7-^ J, = 3, . . . , A^, (1.21) 

Xa;-Xi=i- ^ 1 — , Xfe-X2 = 7T; z — , fc = 3, ...,iV. (1.22) 

apj. ?7^l ap opj, to2 op 

As in Enss and Weder [19] and Weder [39], pTTS)) . (IlTQ)) . (fOT]) and (fr22]) allow us to reduce the proofs 
in the N-body case to the ones for two bodies. We introduce below an appropriate class of potentials where 
, D"° denotes the derivative with the usual multi- index notation. 

DEFINITION 1.1. We denote by Vq the class of real-valued potentials, y°(x), defined on R" with values 
in R such that V°{x.) = F'^'""(x) + V°'^{:x.) with V^'^^ix.) S Vo,^^, V°'\^) G Vqa, where Vo,„s is the class 
of real-valued potentials, ds^ ^^q,^ ^^^^ relatively bounded with respect to the Laplacian with relative bound 
zero and 



/•OO 

/ dR y°''"'(x)(-A + /)-iF(|x| > i?) <oo. (1.23) 
Jo 



Vo,/ is the class of real-valued potentials y"'' that satisfy V^'^''(x) G C^(]R"), the space of all continuously 
differentiable functions that tend to zero at infinity, and that 

|i?'5yO-'(x)| < C(l + |x|)"^S |/3| = 1,71 > 3/2, (1.24) 

where without loss of generality we assume that 71 < 2, otherwise V^'^ would be of short range. 
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Let eq satisfy: < eo < 71 — |. After Hormander [21], we can write, without loss of generality that, for 



all y°(x) e Vo, V°(x) = yO^ ""(x) + F°''(x) with yO'"" e Vo, „3, y°'' e C4(R") and 
|D"«l/"^'(x)| < C{1 + |x|)-i-l"«l('o+i/2)^ foj. 2 < < 4. 
The more intuitive condition 



(1.25) 



dR 



F(|x| > R) V°^''%x) i-A + I)-^ 



< 00, 



by Reed and Simon [35], is equivalent to the decay property (|1.23p . 

DEFINITION 1.2. 0/. We denote by Ve the class of potentials, ^^(x), defined on M" with values 
in K such that l^^(x) = ^^■''^(x) + F^'^(x) + V^'^ix) with V^'"«(x) e Vi5,„s, y^'^(x) e V^,,, and 
V'-^''(x) € V_E.;, where Ve.vs is the class of real-valued potentials, V^''"'^ , that satisfy V^'^" = V^'^'^ + V^'^'' 
with (1 + IxiDyi^'"* relatively bounded with respect to the Laplacian with relative bound zero and V^'^'^ 
bounded and that 

poo 

(1.26) 



< 00. 



/ dR y^'""(x)(-A + /)-iF(|x| > i?) 
Ve,s is the class of real-valued potentials V^'^ that satisfy V^'^{x.) G C^{W^) and that 



iy^-(x)i < c(i + |xr\ 

|Z?^l/^'^(x)| < C(l + |x|)-i-", 



= 1, 



(1.27) 
(1.28) 



with some 1/2 < a < < 1. Ve,i is the class of real-valued potentials V^'^ that satisfy V^'\'x) £ C^(M") 
and that 



iDf^V^'^x)] < C(l + |x|)-''°-^l^l 
with < "fD < 1/2 and 1 — < ^J■ i£ 1- 



< 2, 



(1.29) 



The class of potentials Ve hi Definition 11.21 is the same as in Adachi and Maehara [2]- Again we can 
assume, without loss of generality by [23], that for ah V^{x) G Ve, V^{x) = V^'""" (x) + V^-' " (x) + V^- '■ (x) 
with yO''^^ e Vo^^a, y^'"(x) €Ve^s, y^'' e C4(M") with y^'' satisfying (fT^gi) and 



z?'^y^^'(x)| <c(i + |x|) 



-7b-m(2+|/3|)/2 



3 < Ifll < 4. 



(1.30) 



We call the potentials V'^' and V^' ^'^ very short-range, the potential V^' short-range and the potentials 
V'^' ' and V^' ' long-range. 

For a particle with mass m and charge q, there is a formula for the free time evolution, it was proven 
simultaneously by Avron and Herbst [7] and by Veselic and Weidmann 38] . There is also a generalization 
for the time-dependent case considered by Kitada and Yajima |30| . 

(1.31) 

We will also make frequent use of the following relations that are obtained under translation in configu- 
ration or momentum space generated by x or p, respectively. 



Jp-vt 



/(x)e 



— ip-vt 



= fix + vt), 



■ /(p + mv), 

for any measurable and bounded function f. In particular, (jl.33l) implies that 



— imv-x — itp /(2m) tmv-x ^j^'^P'"^^^"**? /(2m) — zmu t/2 



(1.32) 
(1.33) 

(1.34) 
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where v — |v|. Since e**P^/(^'"^ xe »*p^/(2™) x + tp/rn and functional calculus, 

g»tpV(2m) g-»tpV(2m) ^ + t p/m). (1.35) 

We denote by ei — (1,0, ... ,0) the unit vector along the xi direction and E = E/|E|. We designate by 
Qjk = {qknT-j — QjTTi'k) / {tnj + m^) the relative charge of the pair {j,k) and we denote by Y^'^<k ^^'^ S^<fe' 
respectively, the sum over all indices, j < k, j,k = 1, . . . ^ N , with qjk — 0, and qjk ^ 0. 

We assume that the potential of the N-body system is a multiplication operator that is a sum of pair 
potentials, 

E 

V^Y. - + E (xfe - X,), (1.36) 

]<k ]<k 

with V^^ e Vo (sec Definition II. ip . and Vjf G Ve (see Definition II. 2p . By using a decomposition of Hq as 
in (|1.7p for each pair (j, k) we see that each of the pair potentials V^j. and lAf are relatively bounded with 
respect to Hq with relative bound zero. Note that for a given pair the corresponding pair potential belongs 
to Vo if the relative charge of the pair is zero and that it belongs to Ve if the relative charge is different 
from zero. Then V is relatively bounded with respect to Hq with relative bound zero and the interacting 
Hamiltonian, 

H^Ho + V, (1.37) 

is self-adjoint on D{H) = D{Hq). 

It is convenient to split the potential into the very short-, short- and long-range potentials. For this 
purpose we define 

VvsR = |y^^ = f]K,r^(ife-i.) + E^^''^^(ife-i.)|v;r^eVo,.., ^^^•'^^eV^,,.J,(1.38) 
I j<k j<k I 



VsH = {v' = j2vfk%^k~i,)\vf,'eVE,s\, (1.39) 
j<k 

E 

V^n = <! ^ ^^^",'(i, ~i,) + ^ V^f '(ife -i,) I V^' e Vo,i,vf, ' e Vej } ■ (1.40) 

3<k j<k 



Then 



V ^V^^ + + V^, H = Hq + V ^ Ho + V^'^ + V'^ + V^. (1.41) 

Let = S^(y^;V^^ + V^) be the DoUard modified scattering operator defined in equation (|2.10|) 
below. 

Our main results are the reconstruction formulae given in Theorems 12 .81 and 12 . 1 01 that we prove in Section 
im The uniqueness result given in Theorem 11.31 follows from Theorem [ 



THEOREM 1.3. Let ji be as in Definition \l.l\ and, and fj, as in Definition \1.2\ If there are two pairs 
1 < j < k < N , I < j' < k' < N, with qjk ^ and qj>k' = we assume that 71 > 3 — 4(7^1 -|- /i)/3. Then, 

1. Suppose that = V^^^* + V'^-* -|- V^^^ G VysR + Vsr + Vlr, i = 1,2, and that S^{V^^^;V'^^^^ + 

2. Furthermore, it is possible to uniquely reconstruct the total potential V from any Dollard scattering 
operator . 
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REMARK 1.4. Note that in item 1 of Theorem 11.31 it is enough to assume that the high- velocity hmits 
of S^iV^'^-^V"^^'^ + T/^'i) and {V^^^;V^^^'^ + V^^'^) are the same. Furthermore, we prove item 2 of 
Theorem 11.31 giving a method for the unique reconstruction of V from the high- velocity limit of any DoUard 
scattering operator. See the reconstruction formulae (j2.44p . (|2.75p and the proof of Theorem II .31 

REMARK 1.5. For a given G Vlr let us define, as in and [52], the scattering map := ^^(V^^; •), 
Si{Q) — S^{V^-,Q),Q e VvsR + Vsfl, an operator from VysR + '^SB. into the Banach space of all 

bounded operators in 7i. Clearly, Theorem 11.31 implies that Si = S^{V^; •) is injective. 

REMARK 1.6. For a given V'" E Vla and a given G VsR we define the scattering map S2 ■= 
S^{V^; ■ + V^), S2{V^'^) = S2{V^; V^^ + F^), an operator from VysR into C{H). It is immediate that 
Theorem 11.31 implies that S2 — S^{V^; ■ + V^) is injective. However, as we show in Remark l2.11l this result 
can also be proven using the reconstruction formula (|2.75p given in Theorem 12. 101 that is simpler than the 
formula (|2.44[) in Theorem 12.81 because in p.75p it is not necessary to take the commutator of with 
a component of the momentum operator. This is important in applications where the tail at infinity of 
the potential is already known and one wishes to uniquely reconstruct V'^^ assuming that and are 
known. 

REMARK 1.7. Under the Stark effect, for a pair potential where the relative charge is not zero, the 
short-range decay rate at infinity of this potential depends on 7 given in our equation (|1.27p . Theorem 11.31 
is proved by the first time by Weder [35], where he considers 7 > 3/4 and N-Body pair potentials which 
are short-range if the corresponding relative charge is not zero and long-range if the corresponding relative 
charge is zero. Then, for two body short-range potentials, Nicoleau [33] proves this Theorem with 7 > 1/2, 
the dimension of the space n > 3 and the regularity and decay of the potential: 

V: \d^,V{x)\<Cp{l + \x\)-'''\P\, (1.42) 

for all multi-index /?. Later, in the two-body case, Adachi and Maehara [5] improve the results of Nicoleau [33] 
because, besides 7 > 1/2, they relax the conditions on the derivatives on the potential and use dimension 
n > 2. Furthermore, Adachi and Maehara [2j consider long-range potentials whereas Nicoleau [33j does not. 
We improve the N-body results of Weder [39]. Our potential V is given, by 

^ = E (^°- "^(i^ - X,) + V;>^\i, - X,)) + J2 {Vfk'^iik - Sc,) + vf.^iSc, - X,) + V,^-'(xfe - X,)) 

3<k j<k 

where, for all 1 < j < A: < iV, e Vo,.s, V^' eVoj, Vf^'"' € Ve^vs, Vf^'' &Ve,s, Vf^'' eVej- Our 

potential V^^'' has no counterpart in [39], i.e. potentials that are long-range with respect to the Stark effect, 
when the relative charge qjk ^ 0, are not allowed in |39j whereas, here, we do. This is our first improvement 
over [31]. Secondly, in equation (1.4) of |35] 7 > 3/4 and in our equation (|1.27p we have 7 > 1/2, thus we 
improve the results of [39] because our potential V^^' * is allowed to have the optimal short-range decay rate 
at infinity. 

We give a reconstruction formula with an error term that goes to zero as an inverse power of the velocity, 
that depends on the decay rate of the potentials, see Theorems 12.81 and 12.101 If we only assume (|1.26p . our 
results coincide with those of Adachi and Maehara [2], in the case N = 2 and qi2 7^ 0. If, instead of (|1.26p . 
we assume (|2.2ip . we give a sharper error term than theirs. In this sense, we can say that we obtain a new 
result, even in the two body case. ■ 

In this paper, we prove Theorem ll.3l bv extending to the N-body case the results obtained, in the two-body 
case, by Adachi and Maehara gj using the the findings published in 1993 iTTj, 1994 [TH], 1995 [T^ by V. Enss 
and R. Weder where a new time-dependent method was developed. Here, physical propagation properties of 
finite energy wave functions are used to estimate the high-velocity behavior of solutions of the Schrodinger 
equation and solve inverse scattering problems in quantum mechanics. It is intuitive from the point of view 
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of the physics related to the problem. Contrary to the stationary approach, this method can be apphed to 
study non-hnear equations [551HTM7[H^[5Tk53) . Lately, this time-dependent approach has been exploited 
to study: Hamiltonians with electric and magnetic fields [4 ,6j^9j, N-body systems [18 - 20 , 39. 40^. the Stark 
effect [Till,. 33, 34, 39 , the Aharanov-Bohm effect [g HTUllSaiMSil lSS] . time-dependent potentials [giTHD] . Dirac 
equation [15u25t - i28j . Klein- Gordon equation [T5l[T6ll44ll49] . mass and charge of black holes [Ill[T2], amongst 
others. 



II Reconstruction Formulae 

Let us define 

where V^*^'"'* and V^°'' are defined in Definition ll.il and V^^'^" , V^'^ and V^'^ are defined in Definition 11.21 
Moreover, the decays of V^^'' and V^'^ are to be taken as in (|1.25l) . (11.29^ and (jl.30p . respectively. 



We introduce the Graf-type modifier (|2.2p Graf [2T] and Zorbas [56 , to define auxiliary wave operators, 
whose existence and completeness were proven in the N body case for long-range Stark Hamiltonians by 
Adachi and Tamura |3] . We note that the v dependence of the Graf- type modifier p. 21) is first introduced in 
Adachi and Maehara [2] by taking into account the v dependence of $v In Graf [2T] and Zorbas j56j, v is taken 
in the definiton of the Graf- type modified wave operators. We define the Graf- type modifier [2], [21], [56] 
and the DoUard-type modifier by (I2.2p . and (|2.3p . respectively 



UaAt) = expUiV/ dsV|l''{^fJkS + elqJkEs^/{2^lJk))\ , (2.2) 
Uoit) = expl-iY, f dsV^'k{sPjk/f^3k + eiqjkEsy{2fi,k))] ■ (2.3) 

V .<^-^° / 

For completeness we mention, for the short-range case, the modified Graf propagator, the modified Graf 
wave operators [2T] , [SS] and the wave operators for the free channel which are defined, respectively, by (|2.4p 
([23]) and (12:6)) : 

U'^'^it) = e-''"°UGAt). (2.4) 
nf"" = s- lim e'*" U'^'^t), (2.5) 



itH -itHo 



W^± = s- lim e''" e-''"°. (2.6) 

The modified DoUard-Graf propagator, the modified DoUard-Graf wave operators [211, [56^ and the 
modified DoUard wave operators for the free channel are defined, respectively, by (|2.7p p.Sp and p.9p : 

f]?'*^'" = s- lim e''" U'^'^^'^t), (2.8) 
WP = lim e''" e~''""UD{t). (2.9) 

i— )-±oo 

Tamura proved the existence of the W± for short range N-Body Stark systems [37], Korotyaev [31] did 
it for the case N=3. Adachi and Tamura fS!, and, Herbst, M0ller and Skibsted [23' proved the existence of 
given by p.9p for the N-Body long-range case. Actually, the existence of the and W_(_ also follows 
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from our estimates. We give the simple proof of the existence of and fi^'" in Proposition 12.61 The 

Dollard scattering operator from the free channel to the free channel is defined as 

= S"{V^; V^^ + y^) {W^)*W^, (2.10) 

5^ is not unique because there is more than one short- and long-range splitting of the potential. We also 
mention the scattering operator S from the free channel to the free channel defined for the short-range case 
as 

5 = {W+yW_. (2.11) 



Proposition 12.11 below, shall be frequently used in this text. Its proof is given in the Proposition 2.10 in 
Enss jll] . 

PROPOSITION 2.1. For any f e C^(M") with supp f C B„„,n , /or some m, ryo > and any I = 1,2, .. . 
there is a constant Ci such that the following estimate is true: 

F(x e M') e-"p'/(2m)j(p _ ^v)F(x eM) < Q(l + r + \t\)-\ 

for every v € M", i £ M and any measurable sets M' , M such that r :— dist[M' , Ai + vt) — 770 |t| > 0. 
To treat the case whether or not the relative charge qjk is zero, we define 

5,.:=^' (2.12) 
' \0, if<z,fc-0. 

where 5 is such that |vjfe • E| < 5 < 1, for all integers I < j < k < N with qjk ^ 0. 
A cornerstone throughout this work is the existence oi < 61,62 < 1 such that 



\vt + 61912^7(2^12)1 > ^/6l\vt\^ + 62{qi2E/{2fii2))H^ > V6i\vt\. (2.13) 

When qi2 = 0, we can take 61 = 62 = 1, and if 1712 7^ 0, we use 61 = 62 = 1 — 6, Moreover, if < (t < 1, qi2 7^ 
0, IpI < /^i2'7, and rj/v < \/l — 5/4, from a simple computation, there exist two positive constants ci and C2 
such that 

|ip^i2 + vt + ei(7i2-BtV(2Mi2)| > ci\vt\, 

\tp/m + v< + eigi2MV(2^i2)| > C2t^, 

\tp/tii2 + v< + ei9i2MV(2Mi2)| > cf 4-*|firt2(i-*). (2.14) 

For any pair (j, k), we establish three conditions: as "71 < 2 and there is, at least, one pair (j' , k') 
with qjik' — 0, J,, 7^ 0, and either j' — j or / — k or k' = j 01 k' = k or j' + j = 3", (j^. as "71 = 2 
and there is, at least, one pair {j',k') with qj'k' = 0, Vj, ^, ^ 0, and either j' = j or j' = fc or fc' = 
J or fc' = fc or j' + j — 3", and as "there is no pair (/, fc') with qjik' = 0, Vj, f,, ^ 0, and either 
j' = i or j' = k or k' — j or k' — k or j' + j = 3" . We define the following constant, for any e > 0: 



e, ifC^fe, (2.15) 



2-71, ifC^, 
e, if 

LEMMA 2.2. Lei Unit) be given as in (j2.3[) . T/ien t/iere exists a constant C, such that for all i G M, for 
every Vjfc e M", as in (11.141) . with vjk > Arjjk/y/l - 6jk and v = V12, for all fjk e C'o°(^A'3fc')3 J> /^^ '^^^ 
integers 1 < j < k < N, for all k > and < e < min{4eo, 27d + 5/i + eo ^ 5/2, 27D + — 3}, one has 
that 
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A 



jk 



j'<k' 



(2.16) 



F(|ife - icjl > K\vjkt\) Unit) Yl fi'k'iVj'k' - f^j'k'^j'k'){l + |xfc - i 

0'<k' 



< c{i + \v,kt\r 



(2.17) 



Proof. 

By (|1.2ip and p.22p . for 1 < a < 4, multiplication by (xfe — Xj)° becomes derivatives in the p,P;;,fc 
3, . . . , variables. 
The norm 

(i, - s,,r UD(t) n ffkivrk' - M,'fe'v/fe')(i + - x,f )-"/' 

is bounded by a finite sum of terms of the form C Y\b=i ^l^b i with Ip^ = 1 if the multi-index /?6 = and if 

m > 0, 



(D^^Vj,,^,) {s{pJ,k'/^^J'k'+^J'k') + e^qJ,k,Esy{2^iyk,)) .g^a. (p^.^,) 



(2.18) 



where (/, k') is a pair of integers 1 < j' < k' < N such that j' — j or j' — k ot k' = j or k' — k or j' + j ~ 3, 
5j'fe' e C'ir(^Mj'fc";j'fc') and g^'fe- = 1 in the support of fj'f Note that X^Li l/^^l ^ 
Below, we take = 0, if qj'k' ^ and ct = 1, if qj>k' — 0. We define 



•(1 + \vfk's\y^\ iiqfk' = and |/3b| = 1, 

^ (1 + |t.,vfe,5|)-i-l^''l('o+i/2)^ if q^,^, = and 2 < < 4, 

] (i + |,s|2)-7z,-HAI, ifq,,fc, ^Oandl<|/3fc|<2, 

,(l + |.s|2)-To-A'(2+l/3b|)/2^ if q^.,^, ^0 and 3 < |/3&| < 4, 

It follows from (fOil) . ([OS]) . (fT:29| . ([OOl) . ([2J3l) . ([2lll) . ([238]) and (f2J9| that 

J/(2-5)| 



(2.19) 



|t| 



Ip, < C s^^'%,,.^,Js)ds<Cv-]!. 

JQ 

Let us assume = 1 in (|2.20l) . If g^/fe/ 7^ 0, 



(|^;,| + l)*/(2-£r) 



'1*1 



T^^'^ip.A^) dr. 



(2.20) 



/fl. < C 



-(l + r)2(-''"-'^)dT<C. 



If gj'fc' = 0, we have that 



T(l + r)-^i dT<Cv;,l, 



il + \vyk't\)^-^\ if 71 < 2, 
Hl + \vj>k't\), if 71 = 2. 
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1 + '^'^ V.fcip-^s 

[v-,Hn{l + \v]Ct\l 



if 71 < 2 and either (/, k') = (j, k) = (1, 2), 
or (/,fc')^(l,2)and afc)^(l,2), 
if 71 < 2, (/, k') ^ (1, 2) and (j, k) = (1, 2), 
if 71 < 2, (/, A:') = (1,2) and (j,fc)^(l,2) 
if 71 = 2 and either (j', k') = {j, k) = (1, 2), 
or (1,2) and (j,fc)^(l,2), 

if7i = 2,(/,fc')^(l,2) and (j,fc) = (l,2), 
if 71 = 2, (/, k') = (1, 2) and (j, fc) ^ (1, 2). 



This implies that l|2.16p is true. 

In the other hand, similarly to (|2.20p . we have that, 



< C s 
Jo 



ifgjvfc-=0andl<|/?fc|<4, 
< Cil, ifg.vfe, ^0andl<|/?fc|<2, 

1 + |i,t|max{|^,|+i-27D-(|ft|+2)M,o}^ jf 7^ and 3 < I/Sti < 4. 



Then, it follows that 



hence 



Cl[lp,<C{l + \vt\f 

6=1 



f<k' 

< C(l + < C(l + \vjkt\f-\ 



/ij'fc'Vj'fcO(l + |Xfc-X,f ) 2 



This proves Equation (PTf]) . ■ 
Lemma (|2.3p . below, is a generalization of equations (3.8) and (3.17) in Weder [35]. Note that conditions 
pr23)) and (fT:26| imply that 

|iF-(x)5(p)F(|x|>i?)|| 

is an integrable function of R for all g e C^(R") (see Corollary 2.4 in Enss [H]). It follows that potentials 
in Ve.vs and Vo,«s, satisfy condition (|2.2ip below with p — 0. Of course, larger p means faster decay. 



LEMMA 2.3. Suppose that Vj"if is given as in (j2.ip and satisfies 

{l + Rr\\V;',fi5^k^Sc,)gip^,)F{\i,, ~i,\ > R)\\ e L\{0,^),dR), 



(2.21) 



for some < p < I and all g G C^(M"), Uoit) is given as in (|2.3p . Then, for all functions fj'k' G 
CQ^{B^i.,^,r^.,^,) with 1 < j' < k' < N, there is a function hjk with (1 + TYhjk{T) £ L"'^((0, oo)) such that 
for every Vjk G M" with Vjk > c for some constant < c, we have the following estimate, for all integers 
I < j < k < N: 



VJ'.^i.k - X,) e-^'"<'UDit) n frk'iPfk' - M,'A.'V,'feO(l + - x,| 

]'<k' 



< hjk{\vjkt\). (2.22) 
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Proof. Let us take gjk E {B^.^^,-i.^) that satisfies gjk = 1 on the support of fjk- 



Djk < h+h+h, 



(2.23) 



where, for any positive constant A, 



h = ~ ^j)9jkiPjk - ||i^(|xfe - ij - Vjkt - eiqjkEf/{2fijk)\ > X\vjkt\5/8) > 

^9ik{Vjk ~ Hk^jk)F{\kk - XjI < A|i;jfei|/8)|| 



-itHo 



Unit) n /j'/='(Pj'fe' - A'j'fe'Vj/fcO(l + |xfc -X 

j'<k' 



h = \\Vjk{y^k - Scj)gjk{Pjk - HjkVjk)F{\ik - x^ - Vjkt - eiq^kEf /{2^jk)\ > X\vjkt\5/8) < 



-itHo 



F{\5ck - ij\ > X\vjkt\/8) Uoit) n fj'k'iPj'k' - Mi'fc'Vj'fe')(l + \^k - x 

0'<k' 



\V^k{^k - Xj)gjkiPjk - t^jk^jk)F{\iik - Xj - vjfet - eiqjkEf l{2njk)\ < X\vjkt\5/8)\ 

e-^'"" Uoit) n fi'k'iPrk' - Mj'fe'V,'feO(l + life - 
j'<k' 

We give the proof for the pair (1,2), the other cases are similar, using Jacobi coordinates based in the 
pair (j, k). Let us set x = X2 — xi, p = — iVx we obtain as in (|L7[) that 

Ho = [(2j/i)-ip2 + gi2E • x] «) / + / ® i?o, 

where / (g) Hq conmutes with x, by virtue of Hq's independence from x. Note that i^i = /ii2. Let us write 
V = vi2 = |v|. Therefore, thanks to commutativity 



-itHo 



-jt[(2i/i) ip^+gi2E-x](»/-it/(»iJ"o ^ -it[(2i/i)-ip^+qi2E-x] -itHg 



We observe that the second factor in the tensorial product above conmutes with any operator depending 
on X and p. It is also unitary, thus it disappears from the following norm estimations. We define M' = {x G 
M" I |x- vt| > X\vt\5/8} and = {x e R" I |x| < X\vt\/8}. We proceed as in Weder [39] using (fL3T|l - (fr34| . 



h < C F(|x - vi - ei9i2^fV(2Mi2)| > X\vt\5/8) e-''"°gi2{p - Aii2v)i^(|x| < X\vt\/8) 



C 



xe 



F(|x - vi - eiqi2Et^/{2^ii2)\ > X\vt\5/8) e-*P-<=i9i2i5tV(2Mi2) 
-^*P'/('^^^)<?i2(p-m2v)F(|x| < X\vt\/8) 



C 



F(|x- vi| > X\vt\5/8)e"'P /^'^^^^<?i2(p - m2v)f^(|x| < X\vt\/8) 

= C||F(x e M') e-**P'/(2A'i2)(^^2(p _ ^i2v)F(x e M)\\ 
< C{1 + X\vt\/4: + \t\)-^ < C(l + \vt\)-\ 



(2.24) 



To justify (I2.24I1 . we will prove that r > A|wt|/4 in Proposition 12.11 provided v > 4:1]/ X. Let us take 
X e M' and y e M + vt, then |x - y| = | (x - vt) - (y - vf) | > X\vt\5/8 - X\vt\/8 = X\vt\/2. Thus, 
r > X\vt\/2 - r]\t\ > X\vt\/2 - X\vt\/4. 
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Application of Lemma [2.21 equation (|2.17p . yields for an e > 0, 

l2<C{l + \vt\)-^~\ 

Then, by (11331), h < C|| V^"/(x)g(p)^^(|x - - eiqi2MV(2^i2)| < A|^;t|5/8)|| 
< C||t/-(x)g(p)^^(|x| > 5A/8))|| 
hi2i\vt\), 

where, by (jOTj) . huir) e L\{0,oo)), provided A < 8^/7^/5. 

Inequalities (f2^ . (|2?24| . ([2T251) and (|2?26| prove the Lemma. 



(2.25) 



(2.26) 



LEMMA 2.4. Given V^j.'* G ^b.s, where 1 < j < k < N, a as in Definition \1.2\ Uoit) be given as in 
()2.3p . r/ien /or all functions fj'k' S ^o^i-^i^-j'k'Vj'k') '^^^^ 1 < j' < fc' < A^, i/iere is a constant < c suc/i 
t/iat /or etierj/ Vj^ G M" wii/i tijfe > c, i/ie following estimate is true for all < ei < 1 : 



dt 



xe 



-it//, 



t^^-W n /j'fe'(Pj'fc' - Aij'fe'Vi'fe')(l + |xfc -ijf ) ^ 



Proof. The proof is quite similar to that of Lemma 2.2 in Adachi and Maehara [2]. To simplify the 
notation let us assume, in this Lemma, that qi2 ^ and consider the pair (1,2), i.e. x = X2 — Xi, p = — «Vx. 
Let us take gi2 S C^{B^^^r)) that satisfies gi2 = 1 on the support of /12. 



We simplify as follows, noting that Vj^' * is bounded 



(^if^(x) 



Vif ^(vt + eigi2i?tV(2/ii2))) e'''""UDit) J] ffk'ip,,k' - l^j'k'^rk'){l + 

j'<k' 

< Cih+h+h), 
where, for < (5 < 1, 

h = ll^^dx -vi- 61912^7(2^12)1 >3|z;"t|)e-'*^«5i2(p-Mi2v)F(|x| < \v''t\)\\ 
F{\x-vt\ > 3|w"i|)e-**p'/(2*'i2)^^2(p-/xi2v)F(|x| < \v°t\) 



2\-2 



F{\^\>\v"t\)UD{t) n /.-'fe'CP.'fe'-A^/fc'V.'feOll+x^ 
j'<k' 



h - 



^Fi^'^(x)--l/i^'^(vt + eigi2MV(2/ii2))ji^(|x-vt- 61912^2/(2^12)1 <i\vH\) 
(Vif ' ^(x + v< + eigi2-BtV(2Mi2)) - Vif '^(vt + 61912^2/(2^*12))) -F(|x| < i\vH\) 
Ii and I2 are estimated as in the proof of Lemma [^31 by ProDOsition l2 . 1 1 and eauation l2.171 respectively: 

(/1+/2) dt^O{v-''). 

By lemma 2.2 of Adachi and Maehara |2j (see also page 042101-5, equation 2.10 of [2]), we get, for all 
< a < 1 and v sufficiently large that 



hdt 



0(u"-2"), ifa<l, 
0{v^-'^\\nv\), ifa = l. 
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a, if a < 1, 

1 - ei, if a = 1, < ei < 1. 



We finish tlie proof by setting a 



LEMMA 2.5. ie< V^'j. andifoit) be given as in (12.11) and (12.31) . respectively. Lef 71,69 &e as m Definition 
\l.ll "/D,fJ- be as in Definition Ojk as in (j2.15l) . Let us define two constants ajk and tjjk] if Qjk 7^ 



and Vji^ 7^ 0, then Oj^ — 2-'^ , ^'^'^ ^ ^jk < 2 — max{ 



, 1}, else, if Qjk — or VL = 0, then 



cTjk := cFjk '■= 1. Then for all functions fj'k' G C^{Bfj_.,^,,-i.,^,) with ^ < j' < k' < N, and for all integers 

\ < i < k < N, there is a constant Vq > Q such that for every Wj^. G R" with Vjk > v^'^''' , we have the 
following estimate: 



dt 



-it.Hi 



"Unit) n /,'fc'(Pj'fc'-A^j'fc'V,.fcO(l + |Sfe-x,f)- 

j'<k' 



(2.28) 



Proof. The proof in the case where qjk = is quite similar to that of Lemma 3.3 in Enss and 
Weder [19], and the proof in the case where qjk 7^ is quite similar to that of Lemma 3.4 in Adachi and 
Maehara [2]. In this Lemma, let us denote x = — Xj,p = — iVx. From (|2.14p . a constant is defined as 
follows 



'cf^'cl'^'", ifqjk^O, 



1/2, 



if qjk = 0. 



Let's split the long-range potential Vj^. into two parts with controllable decay properties. Let x *= 
C°°(M") satisfy, < x < l,x(u) = 1, for |u| > c and x(u) - 0, for |u| < c/2; and Vj,,^^^Ju) = 



Vjf.{u)x{u/{vjl''\t\'^ Ill consequence, supp 

Wvjkl 



( vL , 

\ 3k,Vjkt 



and \\Vj,^,^^,^Vl,\\ < 



Choosing again g G CQ^{B^.^r}jk) such that ^ = 1 on the support of fjk^ it fohows that 

(v;Ux) - v;UipMfc - 619,^^7(2^,^))) e-^'^Woit) \{ ffk'ip.-e - f^rk'V,,k'){i + x^)- 

j'<k' 

< h+h+h, (2.29) 



where 



/i = 



(^'fc..,.t(x) " Vjkitp/f^jk - e^q,kEi'/{2ii,k))) e-"^»5(P - Hk^.k) 



y-tJoit) n /yfc'(Pj'fc' -M/fe'Vyfc')(l + x^)" 
■j'<k' 



(2.30) 



(^'fc - Vk.,.) (x) e-*^«g(p - ii,k^,k)F{\^\ < <f |i|/8) 



Unit) Yl /j'fc'(Pj'fc' - /^i'/c'Vyfc')(l + x- 
j'<k' 



2\-2 



(2.31) 
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F{\^\>v2''\t\/8)UDit) n /,'fe'(p,v,,-M/fe'VyfeO(l + x^ 



If qjk ^ 0, for q G B^,.^^^.^, vo > ^rjjkl yJT~5~^, by (|2.14l) . we have 



(2.32) 



(2.33) 



If qjk 1^ with p in the support of g, we note, by (|2.33p . that Vj,^^^,^^{tp/ Hjk+vjkt + eiqjkEt'^ / {2njk)) = 
yjki^P/fJ'jk + Vjkt + eiqjkEt'^ /{2fijk)). If gjfe = 0, p belongs to the support of 5(- - fijkVjk), and wq > 277jfe 
then T^^'fc,„^^_t(tpMfc) = V/fe(ip/Mjfc). 

As in Enss and Weder [19] and Adachi and Maehara j2|, by (|1.31l) - (ll.35l) and the Baker-Campbell- 
Hausdorff formula [13], 



< 



ds 



it 



{"^Vkv^.t) (sx + i p/Aijfc + Vjfet + eiqjkEty{2njk)) ■ x 
(aV^A,.,.*) (sx + tpM-fe + Vjfet + eiqjkEf/{2njk)) 



5(p)e" 



'Unit) Yl fj'k'iPfk' - t^rk'^^j'k')il+x') 
J'<k' 



2\-2 



(2.34) 



For qjk = 0, eo < 7i — 3/2, having in consideration that in the support of Vjf,^.^^ we must have 



|x| > {c/2)\vjkt\, (Pl^ and ((^TMl) imply that 



h < C 



Iv.ktr^ [l + v-^'-^^/'^lv.ktf^") + \v,kt\-'-'^"] < C\v,kt\ 



-l-2eo 



Then, by the fact that Ii is uniformly bounded, for all t e R and all Vjk, J dtli — 0{Vji}). 

We consider now the case when qjk ^ 0. Recall that in the support of yjkvht must have |x| > 
(c/2)wjf Itp-'^j* for < Ujk < 1- For < 6, ([^1^ and (P^I)) imply: 

h < hi + Ii2, where, /12 < C\\Vjkl 



X [l + V 



-(2-71/2) I 



]k 



\vM\"'']F{\t\>v-,') + \\V^'k\\F{\t\<v-,') 



and 



< C |^^7^*J"(To+2'^)|i|-(2-<^ifc)(7D+2M) + l _^ y-^'fjfe(7-D+M+l)|^|-(2-<T,fc)(7o+M 
_|_^7^*jfc(7D+2)|^|-(2-ajfc)(7D+2) + l^ ^ 

By a straightforward calculation, provided ajk < 2 — (1 + Ojk)/{"iD + m), 



+i)+i 



having taken 



= ^ = mm 



2 — CFjk 



7jk 



ajk + (2 - 7i/2 - 0,k)/{lD + 1) ^jfc + (2 - 7i/2 - 0,k)l{lD + m) ' 



2 - ■ 



2 - o-jfc - 9jk/{lD + 1) 



2 - djk - Q]kl{lD + m) 
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Using Adachi and Maehara's computations [5] of the last three terms of the integral of I3 in the proof of 
their Lemma 3.4, assuming that ajk < 2 — 2/(7^) + 2fi), we obtain: 



dtL 



Thus we have, in general: 



dtli 



If |x| < (5/8) wjf |t| and wjf ^ < (2/5)^1 - 5jk, for qjk ^ 0, we obtain as in ((OSl) 



(2.35) 



(2.36) 



by equations (|1.3ip - (|1.34p and (|2.36p we can invoke Proposition 2.10 from Enss jT3] in (|2.31l) to estimate I2 
with Wo > 4?7jfe, 



h < C 



- v'- 

k jkjVjkt 



(x + v.fct + eigjfeMV(2^,fc)) e-"p'/(2A'.*)g(p)F(|x| < v^^ \t\/8) 



< C 



F |x - v,kt\ > 



5^;;f|i|/8, ifg.fe^O, 

< c(i+<riir^ 

Again, by Lemma [2.21 equation p. 171) . we estimate I3, 

/3<C(l+<f |t|)-2. 



(2.37) 
(2.38) 



By (12351), ([2371) and (|238l) we finish the proof. 
Let us denote, 



lG,v,a,b = exp / ^'^ + eiqjkEs^ /{2^jLjk)) and /G,t, = /g,«, 

Observe that UgA^) = lG,v,o,t- 

PROPOSITION 2.6. T/ie wa?;e operators Q^''^'^ and $7^'" exzsf and, moreover, 



(2.39) 



(2.40) 



Proof. We give only the proof for , the other is similar. Note that 



s- lim e'^^U^'^'^it) 

^±00 



s- lim e''"e-''"°UD{t)lG.v.o.t = W^ s- lini Ig.v.o, 



Furthermore, for any $ G we have that: 

II {Ig ,v,0,t — Ig,v,0,±oo 



I/, 



G,v,Q,t — Ig,v,0,±oc 



0, 



by the Lebesgue dominated convergence theorem, taking into account that the integrand is dominated by 
4|$p for all t. This proves the proposition. ■ 
Now we focus in the wave operator estimates. We use Jacobi Coordinates based on the pair (1,2), where 
D = |v| = |v2 — Vi| and Vjk = O(f^), for (j, fc) (1,2). Lemma H??! below, is a N-body generalization of 
Lemma 3.5 in Adachi and Maehara [5]. See also Lemma 4.6 of Adachi, Kamada, Kazuno and Toratani [T], 
for a generalization of Lemma 3.5 of Adachi and Maehara '5^ to the case where the external electric field is 
asymptotically zero in time, in the two-body case. 
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LEMMA 2.7. Let a be as in Definition where, without loss of generality, a = 1 if Qjk = for all 
i < j < k < N. For all 1 < j < k < N, let < ajk < 1 be as in Lemma [KR Let us take V^^ G VvsR, G 
'^SRyV^ G '^LB- Then, for all <i>v as in (|1.13p with a fixed normalized (j)^, where, with Sjk being defined as 
in (|2.12p . the relative velocities satisfy jv^fe • E| < Sjk for all integers 1 < j < k < N with qjj. ^ 0, and 
Vjk > Vq^'^^'' for some vq > and all integers 1 < j < k < N : 



sup 



(2.41) 



In the short-range case, where Vjf^ — (see (I2.ip ) for all 1 < j < k < N, we obtain the following result 



sup 



'0(w-"), if a< 1 and E \l]k\ > 0, 

j<k 

^ , 0(i>-(i-^i)), if a = 1 and ^ \q,k\ > 0, 

j<k 

0{v-'), if E hk\=0, 

j<k 



(2.42) 



/or a// < ei < 1. 

Proof. We give the proof for il^'^''". By Duhamcl's formula, p3T|) and 

t'->+oo t'-)- + oo Jf_ ds 



-VjkisPjk/Hk ~ exq^kEs^ l{2[i^k))\ 

^jZVfk\^k-^,)~yfk\^,k^ + ^iq,kEs'l{1l^,k))\ \ u^-'^-^is) 



Using that the Graf-type modifier UG,v{t) (|2.2p conmutes with any operator, and Lemmata 12.31 [2^ 12. 5[ it 
foUows for any < ei < 1, t € R: 



< 



/oo 
^^(xfe-i,) 

j'<k' 

/oo 
(l//,(ic, - i,) - V^,(sp^J^^,k - e,q,kEs^/{2^l,k))) 

xe'''"«UD{s) n //fe'(P/fe'-M/fe'V,',0(l + |iA.-i,f)" 

j'</c' 

E poo 

/ (^/^^(^'^^ - - ^^-(v.-fe^ + eig,fci?sV(2Ai,fe))) 



ds 



ds 



xe 



j<fe' 

-isHo 1 



'Ud{s) Yl fj'k'iPj'k' - t^j'k'^j'k'){l + \ik-i 
j'<k' 



ds 



3<k 



j<k K'^'-'^jk' 



0{vT^^-''^), ifa = l. 
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The proof is finished by the use of the following arguments: a < 1 implies for v > 1 that v ^ < v 
< (Tjk < 1 implies, for ei sufficiently small that 0{v-^^ '^^^) < 0{v-^'''), and noting that vi2 — v and Vjk 
is 0{v^) hi j <k = 3,...,N. m 
Lemma [2.51 above defines two sets of exponents ajk and ajk- Theorem 12.81 below needs a-jk > 1/2. For 
this purpose we have to ask, for all 1 < j < fc < with qjk 7^ and Vj^. 7^ 0, that 6jk, being as in p. 151) . 
must hold: 

l + Ojk 2 _ 2 „ 4, 



2 — max{ - 



7c + M Id 

In particular, inequality (|2.43p is always true if 9jk < 1/3 because 1/3 < 4(7£) 



(2.43) 



- /i)/3 — 1 for all 7£) and /i as 



in Definition [121 Inequality (I2.43P is always met in conditions C^/j and see (|2.15p . because in the former, 
9jk can be taken arbitrarily small, and in the later, Ojk is zero. If there is a pair (j, k) with qjk ^ and the 
condition is true, (|2.43p is equivalent to max{3/2, 3 — 4(7d + ^)/3} < 71 < 2. If ^ Wjk\ = we just 
need 3/2 < 71 < 2. Theorem II .31 is stated considering long-range potentials, in this case, is true for some 
pair (j, fc) with q^^ 7^ 0, if and only if, there are two pairs (j*, fc*) and (/, A;') such that 1 < j* < fc* < 
1 < j' < k' < N, qj-k' 7^ and qj'k' = 0. We can also use Theorem 11.31 with short-range potentials: the 
condition 3 — 4(7d -|- //)/3 < 71 is always true because, without loss of generality, we can take 71 = 2 in this 
situation. 

THEOREM 2.8. (Reconstruction Formula) Let 71 he as in Definition a^^oTfJ- be as in Definition 
where, without loss of generality, a = 1 if qjk = for all 1 < j < k < N. If there exists two pairs 
1 < i < fc < TV, 1 < / < fc' < such that qjt ^ 0, qj'k' = 0, Vj,^,, ^ 0, and either j' ^ j or f = 
k or k' = j or k' ^ k or j' + j — 3, we additionally assume 71 > 3 — 4(7/3 + /i)/3. For all 1 < j < k < N, 
let < ajk < I be as in Lemma \2. 5\ Let us take V^^ € VvsR^y^ G Vsi?, V^^ G Vlr, where V12 satisfies 
^(n\\ for all g € C^(M"), with < p < 2min{a, cr^fe | 1 < j < fc < iV} - 1. Let us set P; = p • e; for any 
I = I, . . . , N. Then, for all $v, o.s in (jl.l3l) with the same fixed normalized (j)^, with 5jk being defined as 
in (|2.12p . the relative velocities satisfy |vj/c • E| < Sjk for all integers 1 < j < k < N with qj k 7^ 0, and 
Vjk > v^'^''' for some vq > 0, as in Lemma \2.5[ and all integers 1 < j < k < N : 



«(z[5^,p,]<i>v,*v) - 



dT^iV^^'i^ + 7-v)p;$i2, ^'12 

dxi 



(x + rv)$i2,'I'i2 +i 



(V2'(x + rv)$i2,p,^'i2) 

-I 

' (x + rv)$i2,^'i2 



dxi 



oiv 



if 72 - 1 < p < 2 mm{a, cr^fe | 1 < j < fc < iV} - 1 < 1, 
for any pi, < p/ < 72 - 1, 

if < p < min{72, 2a, 2ajk \l<j<k<N}-l, 
if p = 2 min{Q!, CTjfc 1 1 < j < fc < iV} - 1 < 72 - 1, 
if p=l,EI'7,fe|=0 and 1^/2^0, 
for any pi, < p; < 71 - 1, 
lO(«-i), if p = l,j:\<ljk\ = and VI2 = 0. 



oiv-P), 

0{v-P), 

o{v-p'), 



(2.44) 



7i, if 912 = and V/2 7^ 0, 

where 72 ■= {^d + P, if 912 7^ 0, and VI2 0; 
, 2, if VI2 = 0. 



REMARK 2.9. Note that the first term in the right-hand side of (|2.44p can be written as 



I I dr 

-00 



dxi 



{X + TV)<^>12, *12 , 
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where V12 — + Vf*2 + ^121 ^^"^ ^^e derivative is taken in distribution sense. This shows that the 
high- velocity hmit of v{i[S-^ ,Pi\^v, ^E'v) is independent of the decomposition of the potential V into the part 
yvs _|_ yS ^ -j-jj^g^i- jg short range under the constant electric field E and the part V'" that is long-range; that 
is used for the definition of the DoUard scattering operator (|2.10p . 

Proof. 

The scattering operator can be expressed as — Iq\ g +00)* -00) = 

IgA^+'^'I*^-'^'", by (inni) and ^M- Noting that [5^,p,] = [^^, p, - ^12?;;] = [S'^ - Ig,v,Pi ~ t^i2Vi] 
and (p; — /ii2Wi)^v — (P;$o)v where p; and vi are the 1-th components of the relative momentum and 
the velocity v of the chosen pair (1,2), respectively. Since are partially isometric and, by Duhamel 

formula, (ll.3ip and (|1.33p , as in the proof of Lemma 12. 7[ 



+00 



J —00 

with X defined as (|1.2p and Vt — Vs^t + Vi2,t where 

j<k,3<k<N 
E 

j<k,3<k<N 



and 

Thus we have 
with 

where 



n"2'(x) + Vl^i^) - Vl^itp/fiu - em2Ety{2fi,2)) 

+ T//2(X) - V^%{^^t + 61912^2/(2^^12)). 

V p,]$v, *v) = Ig,v (Hv) + R{v)) 



I{v) 



-t-00 



dTly{T), 



(2.45) 
(2.46) 

(2.47) 



lv{vt) - [Vi2A^)e~''"°UD{t){Pi<^>o)^,e-''"°UDm.) 

- (Fi2,t(x)e-"^"C/z5(i)$v,e-"^"(7z,(0 (p^vl^o). 



(2.48) 



and 



R{v)/v = 



+ 00 



dt 



V3,te~''"°UDit) (Pi$o)v,e-**^°C/z5(t)^'v 



V3,te-'*""UDm.,e-^*"»UD{t) (p,*o)J + [[e-'"'n 



iHtr,D,G,v jjD.G. 



g .Ht^D,G,v ttD.G, 



U^^'^^^t)) $v, 14[/^'«-(t) (ftVl/o),)] . (2.49) 



In the derivation of (|2.48p and (|2.49p we used that UG,v{t) commutes with any operator. 
We are going to need to translate the DoUard-type modifier (|2.3I) 



N N 
3=3 j=3 



(2.50) 
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(2.51) 



Using equations (I0T|) - (I051) and substituting (1^^ and (P3(7| in (P^ . it follows that 

I{v) = Ji{v) - J2{v) + iJaiv) + iJiiv), 

where 

Mv) = J (l^;/(x + TV + eigi2STV(2t.Vi2))e-^"P'/^'''^^^^?7D(v,r/«)p,$o, 

(^i'^/(x + TV + eigi2i?TV(2z;Vi2)) g-^^P'/^^-/^-) C7d(v, T/t;)$o, 
„-^rpV(2.Mi2) [7^(v,T/t-)p,*o) dr, 

[{dVf.^ydxi) (x + TV + eigi2£;rV(2i;Vi2)) e-'^P'/(2.Mi2) (j^^^^ 
s-*"P'/(2"Mi2) [/^(v,t/w)*o) dr. (2.54) 
[{dVl^/dxi) (x + TV - eigi2i?rV(2i;Vi2)) g-'^p'/^^-Mi^) ^^^^^ ^/^^^^^ 



Ji{v) 



(2.52) 



(2.53) 



-irp /(2-U/J12) 



C/d(v,t/w)p,*o dr. 



(2.55) 



There exists C > that uniformly bounds the following expression, for all j < k: 

ll'&vll + ||(p,<i>o)vll + 11(1 + \ik - + 11(1 + \ik - (Pi^oUl < 



Then, 
\Riv)\ 



< 



c 

j<k,3<k<N'' 



V;'^^{iu - i,)e-'*^°C/D(i) n /^■'fe'(P.'fc' - N'^'^rk'){l + - i,f )^ 

j'<k' 



-C dt 

j<k,3<k<N •' 



{Vjki^k - ij) - Vjkitp^Jfi.k - eig,fcMV(2Mjfe))) 



xe 



-itH, 



j'<k' 



+c J2 

j<k.3<k<N •' 



xe 



'f^i^W n frk'iPfk' - Mj'fe'Vj'feO(i + |xfc - Ajf )" 



sup e-'-"'r2 



j'<k' 

iHtnD,G,v ttD,G,vi' 



U^'^'^it)) (p,$„) J + sup (e-^*f^^'«''' - [/^'«'-(t)) 



Yfdt 



2n-2 



j'<k' 
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j'<k' 



E 



X e 



-itH( 



|2\-2 



n fl'k'iPj'k' - Mi'fc'Vj'fc')(l + |xfc - ijf) 



Thus, by Lemmata El El andES if VL = for all 1 < j < fc < : 



Riv) 



'o{v-P), if0</9<2a-l, 

0(i;-''), a p = 2a-l<l,J2\q,k\>0, 

j<k 

0{v-^), iip=l,j:\qjk\=0, 
j<k 



Similarly, by Lemmata El El ESI and EZl if Vj^ ^ for some 1 < j < fc < iV 



Riv) 



■ Q (^„l-2min{a,<T,, |l<i<fc<JV}-) ^ ^ |^^.^| > q, 

o(v-^). if E kjfel^o, 

j<fe 

' o(v-P), if < p < 2min{a, CTjA; 1 1 < j < fc < ^} - 1, 
0{v-P), if p = 2min{a, ctjTc 1 1 < j < fc < iV} - 1< 1, 
0(«-i), ifp=l, E kjfcl-O. 



lim Ig.v = exp 

17— >00 



— i y lim / 



(2.56) 



(2.57) 



Now, let us compute the following: lim„_j.oo (^i-S^, P/l'&v, ^v) , using ()2.46|) : 

ds Vfki^jkS + eiqjkEs^/{2fijk)) 

We have used the Lebesgue dominated convergence theorem: There exist < 61,62 < 1 such that 
\^rJkS+elqJkEs^/{2^lJk)\ > ^/6l\vJkt\^ + 62iqjkE/{2njk)yt'^, since, |vjfe-E| < <5 < 1, by (El^ . when 912 = 0, 
we can take (Si = = 1, and if qu ^ 0, we use 61 = 62 = 1 — 6. We can estimate Vji^{vjkS + eiqjkEs'^ /{2fijk)) 
as follows: 

I V,'fc(vjfcs + eiqjkEs^/{2fijk))\ < C (1 + |vjfcs + eiq^kEs"^ /{2fijk)\y'' 

< C{1 + 6^w%s^ + 62\q,kE/{2^Ji,k)\^sY'''^ 

< C(1 + s-2t). 

This last term is integrable in R because 1/2 < 7 < 1. 
Note that pointwise in r, 

lim Z„(t) = (Fi"/(X + Tv)(p,<i>l2), Vl/12)- (^1"2'(X + TV)$12, (p,*l2)) 



dxi 



12 



(x + rv)$i2,*i2 



dxi 



(X + TV) $12,^-1 



(2.58) 
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We want to compute lini„^oo by (|2.47p . (|2.58p and the Lebesgue dominated convergence theorem, 
thus showing the rate of convergence when p = in (|2.2ip : 



hm I{v) 



iV,l'i^ + T^r) iPi<fi2), *12) - (n2'(x + Tv)<I>i2, [Pi^ 12)) 



+i 



12 



dxi 



(x + rv)$i2,*i2 +i 



dx. 



(x + rv)$i2,^' 



12 



this means in terms of the Ji, J2, J3, J a functions that 

hm Ji{v) 

hm J2{v) 

hm Jsiv) 

hm J4(u) 



J (I^"2^(x + Tv)(p;$i2),*i2)dr, 

J (yi^^(x + Tv)$i2,(p,*i2))rfr, 

I {{dVf^Vdxi^ (x + Tv)$i2,^'l2)dT, 

J {{dVl2/dxi) (x + rv) $12, ^-12) dr. 



dr, (2.59) 

(2.60) 
(2.61) 
(2.62) 
(2.63) 



To justify the use of the Lebesgue dominated convergence theorem observe that and are very 



short-range. By (|2.48l) and Lemma [2?3 
|;.(r)| < C 



y-(x)e-*(-/")^°C/^(r/«) J] /,v,,(p^.,,, -^,,,,v,v,,)(l + Ixp)- 

j'<k' 



+C 



+c 



dxi 
dVl, 



j'<k' 



j'<k' 



dxi 

< Ch^2{\r\), 
where hi2 E L^{{0,oo)). 

Let us find the rate of convergence of (|2.59p when p > in (|2.2ip . We estimate the rate of convergence 
of, Ji, the first term in the right-hand side of (P3T|) (i.e. to its hmit. From ([^3^ and ([^^ we 

have: 



Ji{v) — hm Ji{v) 



/— 00 
dT (t/i"/(x + TV + eigi2i?TV(2i;Vi2)) e-^^P'/f^-^^-) Ud{^, r/«)(p,$o), 
-00 



dr(T/i"2'(x + rv)(p;$i2),vI/i2) 



(Fi"2'(x + rv)e-'P-''i«i=^-^^'/(2i>^.i2)g-»rpV(2^-Mi2) U^{v,t/v){pi%), 

g-»p-eiqi2£;rV(2«Vl2) g-*rpV(2i-Ml2) [/^(^^^ t/v)5'o) 
-(^l'^2^(x 

y dT [-((p;<i>o),V^i"2'(x + Tv)vI/c 

(^ 



-ip-ei(ji2-ET^/(2t)^/ii2) -iTp^/(2'U/ii2) 



C/d(v, t/w)(p;$o),*o 



+ e 



-ip-eiqi2-ET /(2d fii2) „-iTp /(2u/^i2) 



[7z5(v, r/«)(p,<i>o), V^i'^2'(x + Tv)vl/( 
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The latter calculations suggest us to define: 



-ip-eigi2BrV(2i'Vl2) g-irpV(2-»A'l2 ) jj (^-y ^ t / v) - / ) 



With this notation 



C/d(v, t/«) - / (p,<i>o), V,m^ + Tv)vI/( 



Ji(i;) - hm Mv) = / dr (h^^^ + h^^A . 
Let us analyze the rate of convergence of hv'' ■ On one hand, with t = t/v : 



< 



c 



/v (l + t/v j 



On the other hand: 



(g-*Pl9l2i5rV(2Ml2t'")g-ipV/(2Mi2t') „ 



< 211*1 



Consider two cases, with < a < 1 in mind: 
(a) \t/v\ < 1: Clearly we have that |T/t;|° > \t/v\, therefore: 



-iPiqi2-E-r /(2/^i2i> )p~ip r/(2^i2t)) 



f/B(v, r/w) - /)^'o < C t/v (l+ t/v^ <C t/v 



(6) \t/v\ > 1: In this case |T/t;|° > 1, thus: 



(e 



Now we study |/iv^(t)|'s decay as w — ^ oo applying Lemma [2?3l and (|2.67l) . p.68p with a = p: 



-ipi qi2-E-r^ 7(2/^12 iJ^) -ip^r/ (2/ii2t)) 



C/d(v,t/w) - /)^'o <C<Ct/i; 



< Ct/v 



Fi'^/ (x + r p/(/ii2f) + eigi2STV(2«Vi2)) C/d(t/z;) 



X n /i'fe'(Pj'S:' "Mj'fe'Vj'fc')(l + |x|' 
j'<k' 



v''\h^^HT)\ < C\T\Ph,2i\T\) e L1(-00,00). 



Then 

Hence, for p = 1 

V J \hi^'>{T)\dT < C. 

For < p < 1, by Lebesgue dominated convergence theorem 

lim vP I h^^\T)dT^ I lim vPh'^^\T)dT ^Q, 



(2.64) 
(2.65) 

(2.66) 



(2.67) 



(2.68) 



(2.69) 



where we used that \\Tay^oov''h^\T) = 0, since by (|2.67p and (|2.68p with a = 1 we have v''\h'^\T)\ < 
C\t\vP-\ 
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As a result 



+00 



" ^ ' \0{v'^), ifp=l. ^ ^ 



At this moment, we turn our attention to the rate of convergence of ft-v . When |x + rv| < |r|/2, we 
have |x| > |t| — |x + tv| > |t|/2. With the last inequality we can estimate the second factor in the scalar 
product of (i2J5| . Let g be a C(f (M") such that g{-p)i)i2 = i>i2- By and jMHl): 

/OO /' + 00 

dr|/ii2)(r)| < C dr|rr(|ll/-(x + vr)5(p)^^(|x + vr|>|r|/2)|| 

-00 J —00 

+ ||l^-(x + vt),9(p)II II^(|x| > |r|/2)vl/i2||) . (2.71) 

Due to the short-range condition ()2.2ip . the first integral in p.7ip is finite; the fast decay in configuration 
space of ^12 makes the second integral in (|2.7ip be bounded: 



/OO /"OO 

dT\T\P\\F{\^\>\T\/2)-^,2\\ - / dr|rr(l + |r|) 
-00 — 00 

Hence, for p = 1 



-3 



(l + |r|)3F(|x|>^)vI/i2 



< 00. 



V J \h^^\T)\dT<C, 

and for < p < 1 , by Lebesgue dominated convergence theorem 

lim I h^^\T)dT= I lim vPh^^\T)dT = 



('2') (i2\ 

where we used that ]imv^oov''h\,' {t) = 0, since by (|2.67p and ()2.68p with a = 1 we have v''\h-v {t)\ < 
C\t\vP-\ 
As a result 



+00 



[0{v '-), if p 1. 

We have just estimated the rate of convergence of Ji, the first term in the right-hand side of (|2.5ip . Since 
012 £ C'o°(-^Mi2'))i "^"2 have that (^pi4'i2^ & C'(j"(i3^j2,,), therefore, we can apply the same treatment to J2, 
the second term in the right-hand side of ()2.5ip . For J3, in the right-hand side of (|2.5ip . when we estimate 
the term with d/dxiVi2 '^ we have that 

(1 + 1x1)"= \d/dxiV,f'{x)\ < C(l + |x|)-i-"+''= 

satisfies the very short-range condition if ps < a < 1. Nevertheless, when qi2 ^ 0, we do not have an extra 
error term of the form o{v~''') because in ()2.56p and ()2.57p p < a, for that reason one can always choose ps 
such that p < Ps < ck < 1. Regarding J4 in (|2.5ip . we estimate the term with d/dxiVl^, one sees that 



{\ + \x\r\d/dxiVl2{x)\<C 



(l+|.T|)-T"-"+ft, if 912^0, 

{l + \x\)-^'+p^, ifgi2=0. 



satisfies the very short-range condition if p; < < ^ ' ' ' '^^^ ^ ' Therefore, we have another error 

[71 - 1) if 912 = 0. 

term of the form 

o{v-P'). (2.73) 
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Moreover, when there is at least one pair with non-zero relative charge, we have to estimate the following 
error, see (|2.39p and (|2.46p . In this case, p < I, and —{2j— 1) < —{2a~ 1) < ~p, where 7 is as in Definition 
[m By equation ^A^: 



\Ig,v < l^/fcK-fcS + eiq,kEsy{2pjk))\ < C ■ 

■ ^ 1, 'J —00 



^-(27-1)^ if 1/2 < 7 < 1, 

if 7 = 1, 



j<k 

(o{v-P), ifO<p<2min{a,a,k\l<j<k<N}-l, 
\o{v~P), if p = 2min{a, CTjfe I 1 < j < fc < A^}- 1< 1. 

Finally, to prove the convergence rate given in (I2.44p we sum the terms, corresponding to I{v), R{v), 
Ig,v, respectively, in ^M^, recahing (^351) . (^371) . (P35| . (1^70)) . ([T7^ . ([27711) and taking in consideration 
(I2.73P with the highest possible values of pi in order to have the optimal error rate in all the cases enounced 
in Theorem HiHl ■ 

The following reconstruction formula is of independent interest. 



THEOREM 2.10. Assume the same hypothesis as in Theorem \2.8l Then 

/oo 
vdt ((F/2(x) - V,%{vt + em2Et^/{2pi2)) + Vl^i^) 
-00 

nOO 

^VUtp/p,2-eiqi2Etyi2pi2)))e-''"°UDm.,e'''"<'UDm.) = / dT(Fif ^"^(x + tv)$i2, ^12) 
'o{v-P), if < p < 2min{a, crjk\l < j < k < N} - 1, 

0{v-P), a p = 2mm{a, (Tjk\l < j < k < N} -Kl, (2.75) 
0{v-^), ifp=l, and Ekjfcl =0. 

Proof. The left hand side of (|2.75p can be written as equal to the right hand side of p.46p exactly 
with the same Iq v but with 



r+oc 

{v)=v dt (v,l%^)e-''"°UDm.,e-''"°UDm. 

J —00 



I{v) = 

and, with the same V^^t and Vt as in the proof of Theorem I2.8i 

R{v)/v = r dt\{y^^e-''"-UD{m..e-''"«UD{m.) 

The convergence rate of I{v) is computed like that one of Ji, see equations (I2.52p . (j2.64l) . p.65p . (|2.70p . 
(|2.72p . R{v) and Ig,v are estimated like in (|2.57p and (j2.74l) . respectively. ■ 
Proof of Theorem [T3t 

Let us consider the states $ ^ 4>i2{p)4>3{P3, ■ ■ ■ ,Pn), * ^ '4'i2{p)4'3{P3, ■ ■ ■ iPn), such that 4>i2,iipi2 G 
C|5"(R") and 03 is like in ()1.12p . Let y be an element of a two dimensional subspace of R", for instance, we 
associate each y — (2/1,2/2) G R^ with the vector yiei + 2/2^2 G R". We express by 

$y ^ e-*P-y$ ^ 0y ^ 0i2(x-y)03(x3, . • . ,xjv), = e-'P-y^- ^ = V^i2(x-y)03(x3, • . • ,xjv), (2.76) 

the states, translated in the configuration space by y, considered as an vector in R". 

Suppose that V = v"^s,^_^^s,^_^p.L,^ g Vvsb^+Vsr+Vlb., « = 1,2, and that S^{V^'^;V^^'^ + V^^^) = 
gD(^yL,2.YVS,2 ;^s,2)_ rpj^g^^ ^^j^^ ^j^^ potentials y\ i = 1,2, 

l<j<fc<Ar 
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with, for all 1 < i < fc < A^, V^^''' € VvsR, V^^' G Vsr, and V/^' G Vla,. 

It is enough to prove uniqueness for the pair (1, 2). Let us assume 512 7^ 0, the other case is similar and 
simpler. Note that as qi2 7^ 0, V^2'^ ^ Ve,vs, V^^^ G Ve,s^ and V^^ S Ve,i- We define 



gf2(x) ^y^f (x)-T//2i(x), 



12 



12 
i.l/ 



,Qi2(x) = gi'^(x) + Q?2(x) + Q'l^W- 
With $y and W as in and Pi = p • ei, the function f -.M? ^C\s defined as 

/(y) :=/i(y) + /2(y) + /3(y), 

where 

/i(y) (Q5:^(x)pi<i>y,vi/y), 
/2(y) := -(Q5:^(x)<i>y,pivi,y), 



/3(y) 



(dQl2 , aQ'i2 



(x)$y,*y 



Let us focus on /i. Let gi be a C^(M") function such that gi{p)(t>i2{p) 



lip). 



l/i(y)l < q|g^^(x)gi(p)|| 

|/i(y)| < C(||g^^(x).gi(p)i^(|x|>|y|/2)|| 

+ ||Q^^(x)pi5i(p)|| ||F(|x| < |y|/2)0i2(x - y)|l) . 

Inequality (I2.79|) shows that /i is bounded. By the very short range condition (|2.2ip : 

||Q5:^(x)5i(p)i^(|x| > |y|/2)|| G L\We). 

Additionally 



||F(|x|<|y|/2),/,i2(x-y)|| = 



1 



< 



l + |x-y|2 
C 



n|x|<|y|/2)(l + |x-yn0i2(x-y) 



G L^(R^) 



(i + |y|/2)2 



(2.77) 



(2.78) 



(2.79) 
(2.80) 



Then, /i(y) G L'^{R^). Moreover, /i(y) is continuous because the operator e ^P''' is strongly continuous 
on L'^{R^). 

Working with /2 and /s is analogous to the case of /i, remarking that (|1.28p and (|1.29p imply that 

^^xi belongs to our very short-range class Ve,vs- Thus /(y) G L^(M^) and it is a bounded continuous 
function. 

The Radon transform of /(y), for any v in the y-plane satisfying |v • E| < 1, is given by 



/(v;y) := 



/(y + rv)dT= / [{Ql^{y 

) J —00 

-(Q5:^(x+Tv)ci>y,pi*y) 



^)pl$y,*y) 



dQl2 I dQ\2 
dxi dxi 



(x + Tv)$y,^'y 



(2.81) 
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By Theorem 12.81 applied to the pair (1, 2), we have that 

/(v;y) = hm Ki[^^(F^'i;F^^-i + y^^^i),Pi]$y,M.y) 

= 0. 

Then, the Plancherel formula associated with the Radon transform (35] implies that /(y) = 0. From 
((278)) we have that 

T^(gl2<f^*'') = -^/(y). 

oyi 

This implies that {Qi2^y, does not depend on yi. Moreover, lim|yj|^oo(Qi2^''', = by (fL^ . pT??)) 
and (fLMI - Therefore, (Qi2«'^,*'') = 0. In particular ((5i2$°,*°) = (Q12012, ■012) = 0, what implies by 
the density of the states 0i2,0i2 that Qi2{x) = a.e. We conclude that the total potential V is uniquely 
determined by the high-velocity limit of the commutator of any DoUard scattering operator 5*^ and some 
component of the momentum. 

We consider the reconstruction problem of the total potential V as in (|1.36p . by means of Theorem l2.8l We 
assume qi2 ^ because the case 912 = is easier. Let us compute V12 := ^1 2" + ^12 + ^1 2 ^ ^vsr + ^SR + ^lr 
from the high-velocity limit of [S",Pi]. We substitute Ql^ by V^^'^ Q12 by Vf^ and by Vl^ in (13751) . 
We know lim^^oo w(«[S'^, Pi]^'^ , *?;) for all and W as in (P7S)) . Then, by Theorem and (PTSTj) we 
reconstruct /(v;y) and by the inversion of the Radon transform [32], we uniquely reconstruct /(y). From 
(111211), (fL?7|) . pr^k and pT^Hl) / is integrable along any line and limy^co((Vi2)^'y, *^) = 0. Then we have 

(^12012,-012) = i / f{yi,0)dyi, 
Jo 

in a dense set in L^. Hence V12 is obtained almost everywhere as a function. Repeating this process for all 
pairs we reconstruct V. ■ 

REMARK 2.11. As we have already mentioned in Remark 11.61 the reconstruction formula ()2.75p from 
Theorem l2.10l is simpler than the formula (I2.44p in Theorem l2.8l Let us show how (|2.75l) can be used. Let us 
suppose that qi2 7^ 0. The case 912 ~ follows in the same way. The potentials V^' G Ve, vs, V^' * G Ve,s, 
^12 e Ve, I are the very short-, short- and long-range potentials, respectively, for the pair (1,2). Let us 
assume that we want to recover 1^12'^" knowing V\2'^i ^12' ^^'^ ^^.e high- velocity limit of for each 
and W as in f^TT^i . Defining 

hiy)^{vf,-\^W,^y), (2.82) 

using Theorem l2.10l and inverting the Radon transform we obtain h{y). Then, we can compute {V^' "^012, '/'12) 
= h{0) in a dense set in L^. This implies that we recover Vj^'"' almost everywhere as a function. 
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